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Prelude

Unawareness
Unknown unknowns

“Lack of conception”

Uncertainty
Risk, Ambiguity …

“Lack of information”

Discovery
Adding possibilities

Learning
Discarding possibilities
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Epistemic logic, game theory & decision theory with unawareness
and applications to economics, political science, business strategy … 

Today: Testable behavioral characterization of prediction rules for 
novelty from combinatorial probability theory and population biology
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By the very property of being novel, novelty is hard to anticipate.

Some sorts of beliefs do seem to be formed about novelty:

• Researchers must have some expectations about the 
occurrence of novelty or derivativeness of their research when 
starting a research project. 

• Funding agencies must form some expectations about the 
occurrence of novelty in projects they fund. 

• Humanity must form some expectations about new 
technology, inventions, and novelty when marveling about the 
future. 

Before it occurs, we are unaware of the novel but we are aware 
that we are unaware of novel things. 



Related Literature(s)
Inductive methods a la Carnap and SEU: Wakker (2002)
Tradeoff consistency approach to SEU: Wakker (1989, 1993)
Exchangeable random partitions: Kingman (1978a, b, c), Aldous 
(1985), Pitman (1995, 2006), Zabell (1992, 1997), Ewens (1972), 
Hoppe (1984), De Morgan (1838)
“Reverse” Bayesianism: Karni & Viero (2013, 2017), Karni, 
Valenzuela-Stookey, Viero (2021, 2022), Dominiak & Tserenjigmid
(2018), Dominiak (2022), Chakravarty, Kelsey, Teitelbaum (2021), 
Viero (2021), Dietrich (2018), Piermont (2021), Becker et al. 
(2020), Roussos (2021), Mathani (2021), Steele & Stefansson 
(2021), Bradley (2017), Wenmackers & Romeijn (2016)
Awareness in decision theory: Ahn & Ergin (2010), Kochov (2018), 
Piermont (2017), Schipper (2013)
Awareness of unawareness: Halpern & Rego (2009, 2013), Board 
& Chung (2011), Sillari (2008), Agotnes & Alechina (2007), Walker 
(2014), Schipper (2021a), Fukuda (2021), 
Learning & discovery: Grant & Quiggin (2013), Grant, Meneghel, 
Tourky (2022), Schipper (2021b) 



Ex ante, we 
cannot know 
their properties 
except for “the 
first object sampled” etc. 

1. Idea: We “delabel” objects 
and consider partitions of 
sampling times.    
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Let’s think about sampling 
of novel objects:
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What structure should be put 
on beliefs about partitions of 
sampling times?
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2. Idea: Beliefs should be 
partition-exchangeable. 

A notion of symmetry in 
sampling novelties. 
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sampling times?



Goal: Behavioral Characterization of the 
Pitman-Zabell Prediction Rule

… and the Ewens prediction rule and the DeMorgan prediction rule.

How are they connected to “reverse Bayesianism”?  



Consistent Partitions of Sampling Times



Partition Events



Partition-Dependent Subjective Expected Utility





Direct Corollary of Wakker
(1989, Chapter V.5)













Proof (Sketch):

• By Partition Symmetry and the Assumption, we have finite 
partition exchangeability. 

• It follows now by the Kolmogorov Extension Theorem and the 
Assumption, that we have infinite partition exchangeability. 

• Frequency Dependence of a Known implies that the belief of a 
known object just depends on its frequency and the sampling 
time. 

• Frequency Dependence of Novelty implies that the belief of a 
novel object just depends on frequency of novelty and the 
sampling time. 

• Together with Full Support, we can apply  Zabell (1997) 
characterization of the prediction rule for the two-parameter 
model by Pitman (1995). 





• θ positively associated with the prior belief of novelty
• α positively associated with the effect of observing novelty in 

the past on the belief in future novelty 

“Mental” urn: 
• Urn of colored balls and a black ball with initial weight θ.
• Each drawn colored ball is returned with another ball of same 

color.
• Each black ball is returned with another black ball of weight α

and a ball of new color with weight 1 – α.  

Interpretation



t-th factorial power







Special Case: Oldest Prediction Rule for Novelty -
De Morgan (1838) (i.e., θ = 1)





“Reverse” Bayesianism
Karni and Viero (2013, 2017) characterized changes of beliefs under 
growing awareness a la “reverse” Bayesianism. 

Applied to our context, it means that the relative likelihoods for known 
objects remain unchanged upon becoming aware of a novel object. 
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Partition Exchangeability 
does not imply “reverse” 
Bayesianism. 



Corollary: Sampling Consistency and Partition Exchangeability 
imply that relatively likelihood ratios for objects that are not 
sampled in a period are preserved across partitions of sampling 
times with the same partition vector. 



Application to Unawareness Structures

“Delabeled” subjective expected utility is natural from an ex 
ante point of view but somewhat artificial from an interim 
point of view. 

More natural interim: Recursive construction of state spaces 
based on previously sampled objects and “novelty”.  

This leads naturally to an unawareness structure. 
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Simplest Example:
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Further Thoughts
Mathematical biology interprets prediction rules as objective probabilities 
even in the context of Kingman’s (1978) De Finetti style characterization of 
exchangeable random partitions by mixtures as paint-ball processes. I follow 
De Finetti’s spirit and provide a subjective interpretation.

Extensions that “ground” those beliefs in objective innovation processes? 
Perhaps along the lines of De Castro and Al-Najjar (2014) or Cerreia-Vioglio et 
al (2013).

Ambiguity in predictions. Inspiration from extensions of Walley (1996) or 
Epstein & Seo (2010)’s ambiguous version of de Finetti’s theorem?

What is the notion of symmetry behind partition exchangeability? Symmetry 
in ignorance about novelty. Symmetry/similarity in the sampling context …

Three questionable special features: Ex ante knowledge of unawareness. 
Knowledge that in the limit there are an infinite number of novel objects. 
Knowledge that in the limit an object occurs either ones or an infinite number 
of times. 



Summary
Subjective expected utility with subjective beliefs about partitions of sampling 
times 

Behavioral characterization of exchangeable beliefs about partition of 
sampling times

Behavioral characterization of prediction rules for novelty and beliefs about 
partition of sampling times for the most prominent models in statistics, the 
two-parameter model and the one parameter model

Relationship between reverse Bayesianism and exchangeable beliefs about 
partitions of sampling times; both the one and two-parameter model satisfy 
reverse Bayesianism

Connect the literature on discovery processes in statistics to the literature on 
reverse Bayesianism

Illustration how these processes can give rise to beliefs in unawareness 
structures 














